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In this paper we investigate decompositions of a complete bipartite symmetric multidigraph 
~fcL, and a complete bipartite multigraph AK,” into paths of the same length. We give some 
necessary and/or sufficient conditions for such a decomposition to exist. We obtain also some 
results for the case when the paths in a decomposition need not to have equal lengths. 
1. Introduction 
The following problem has received much attention in the last decade: given a 
(di)graph G and a family of (di)graphs 7t’, decide whether G can be decomposed 
into subgraphs from 3& i.e. whether there is a partition of the edge set of G into 
disjoint subsets each spanning in G a subgraph isomorphic to a graph in X. Most 
of work has been done in the case when G is a complete multigraph or 
multidigraph. The exhaustive lists of references concerning the topic of graph 
decompositions can be found in the survey papers by Bermond and Sotteau [l] 
and Chung and Graham [2]. 
In this paper we investigate decompositions of a complete bipartite symmetric 
multidigraph AK:,, and a complete bipartite multigraph AK,, into paths of the 
same length and we give some necessary and/or sufficient conditions for such a 
decomposition to exist. Somewhat related results on the existence of decomposi- 
tion of Kz,, and K,,,, into cycles were obtained by Sotteau [4]. 
Our method is similar to that used recently by Tarsi [6] to solve the problem of 
decomposing a complete multigraph AK,,, into paths of the same length, i.e. we 
first construct a certain Eulerian circuit in AK:, (AK,,,,) and then we divide it 
into paths. From this method we obtain also some results on decompositions of 
AK:.” (AK,,,,) into paths which need not to have equal lengths. 
Throughout the paper we shall assume that two vertex classes of AK:., (AK,,,,) 
are X=(x, ,..., x,,,-l} and Y={y, ,...,, Y”.-~}. The indices of x (resp. y) will 
always be taken mod m (resp. mod n). 
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2. Decomposition of A&& 
Lemma 2.1. Suppose that m 3 n. Then AK:., has an Eulerian circuit 
u* . . . IA~~,,,~u~ such that if 4 = r+ for if j then 
Proof. Let r = G.C.D.(m, n) and s = L.C.M.(m, n). We define circuits Ci, O<i< 
r - 1, as follows: 
(a) yoq is an edge of Cl, 
(b) if x,y, (resp. yaxb) is an edge of Ci then ybx,+l (rq. xbya+r) iS alSO an edge 
Of Ci. 
We call yoq (resp. x+ryo) the first (resp. last) edge of Ci. NOW, let Ci be the 
circuit obtained by putting together A copies of Ci contained in AK:,, so that for 
every 1 =Z t < A - 1 the next edge after %-I~0 (the last edge in the tth copy of Ci) is 
yo& (the first edge in the (t+ 1)th copy of Ci). It is not hard to see that the 
number of edges in Ci is equal to 2As and that the edge sets of CiS are pair-wise 
disjoint. Hence, they cover 2Ars = 2Amn edges of AK:,, which means that each 
edge of AK&, occurs in exactly one of the his. NOW, put together the circuits 
co, Cl, . . . , Cr-1 in such a way that for every 0~ is r -2 the next edge after 
xi-Iyo (which is the last edge of Ci) is yoq+l (which is the first edge of C,+J. The 
Eulerian circuit obtained clearly satisfies the assertion. Cl 
In the remark below we underline some important properties of circuits Ci. 
Remark 2.2. Each circuit Ci has 2As edges. Suppose that Ci = u1 . . . ~2~~1. Then 
Ui=zli for i#j implies Ii-jl32n. 
The lemma and the remark will be used to determine necessary and sufficient 
conditions for the existence of a decomposition of AK:,, into paths of equal 
length (Theorem 2.3). The lemma will also provide sufficient conditions for the 
existence of a decomposition into paths which need not to have equal lengths 
(Proposition 2.4). 
Theorem 2.3. Suppose that m 2 n. AK:,, has a decomposition into paths of length 
k if and only if k divides 2Amn, m 3 [(k + 1)/21 and n 3 [k/21. 
Proof. Necessity being obvious we pass on to sufficiency. 
(a) Suppose that k = 2p + 1. If m > n or if m = n = 1 then starting from yoxo, 
i.e. the first edge of Co, we divide the Eulerian circuit constructed in the proof of 
Lemma 2.1 into segments, each containing 2p + 1 consecutive edges. Since 
2p + 1 < 2n, each such segment is a path. So, suppose that m F n > 1. If 2p + 1 < 
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2n -2, i.e. if p +2< n, we are done by Lemma 2.1 again. Hence, the only case 
that remains is n = p + 1. Here, 2p + 1 divides 2As, the number of edges of each 
ci, which follows from the fact that 2pS 1 divides 2Amn = 2A(p+ 1)’ and 
G.C.D.(2p + 1,2(p + 1)‘) = 1. Hence, by Remark 2.2 we can partition each of the 
circuits ci into paths of length 2p + 1 thus obtaining a required decompositions of 
WL 
(b) Now, assume that k = 2~. If m > n > p then we divide the Eulerian circuit 
fromLemma2.1.So,letm>n=p.WedefinepathsPi,O~i~m-1,asfo~ows: 
pi = xiYOxi+lYl * . . Xi+“-lYn-lXi+n. 
We leave to the reader the verification that these paths yield a decomposition of 
K z,,. Consequently AK:,, has a decomposition into paths of length 2~. So, it 
remains to consider the case when m = n > p. If 2n - 2 > 2p then we are done by 
Lemma 2.1. If n = p + l> 1, then since 2p divides 2hmn = 2A(p + l)*, p divides A 
and, consequently, 2p divides 2hs, the number of edges in Ci, 0 d i s r - 1. So, we 
are done, as before, by Remark 2.2 Cl 
Proposition 2.4. Let kl,. . . , kf be positive integers such thar k,+* * . + k, = 2Amn 
and let one of the following conditions hold: 
(1) m>n and ki<2n, for i= 1,. . . , I, 
(2) m=n>l and k,<2n-2, for i=l,..., 1. 
Then AKf,n can be decomposed into 1 paths of lengths kI, . . . , k,. 
Proof. The proposition is a direct consequence of Lemma 2.1. Cl 
3. Decompositions of AKmn 
In the undirected case the problem is more complicated and we have nice 
results only if A or both m and n are even (Theorems 3.1 and 3.5). For other 
cases we have only some partial results which are summarized in Theorems 3.7 
and 3.8. 
Theorem 3.1. Let A be an even integer and let m 2 n. AK,,,, has a decomposition 
into paths of length k if and only if k divides Amn, m 2 [(k + 1)/21 and n > [k/21. 
Proof. Necessity is obvious. Conversely, it follows from Theorem 2.3 that 
WW:., has a decomposition into (directed) paths of length k, which in turn 
yields a suitable decomposition of AK,,,,. •i 
Similarly we obtain the following result. 
Proposition 3.2. Ler A be an even positive integer, let kI, . . . , k, be positive integers 
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such that k,+* * . + k, = Amn and let one of the following conditions hold: 
(1) m > n and ki <2n, for i = 1, . . . , I, 
(2) m=n>l and k,<2n-2, for i=l,..., 1. 
Then AK,,,, can be decomposed into 1 paths of lengths kI, . . . , k,. 
Now, we pass on to the case when both m and n are even. First we shall prove 
a lemma analogous to Lemma 2.1. 
Lemma 3.3. Let m and n be even, m 2 n. AK,,,, has an Eulerian circuit 
Ul.. * uA,,ul such that if 4 = I+ for iZ j then 
Proof. Let r==G.C.D.(m,n) and s=L.C.M.(m,n). We define circuits Ci, Otis 
r/2- 1, as follows. 
(a) yOxzi is an edge of Ci and we define &(yOXZi) = 0, 
(b) let x,y, be an edge of Ci. If ~(x,yc) = 0 then x,y,+, is an edge of Ci and we 
put e(x,y,,+r)= 1, if .c(x,yb)= 1 then x,+,y, is an edge of Ci and we put 
E(Xa+lYb) = 0. 
Now, analogously as in Lemma 2.1 we define circuits ci, 0 < i < r/2 - 1, and put 
them together to obtain a circuit satisfying the assertion. Cl 
As before we shall need some properties of circuits ci. 
Remark 3.4. Each Ci has 2As edges. Suppose that ci = v1 . . . uzbvl. Then vi = ui 
for i# j implies Ii- jlZ=2n. 
Theorem 3.5. Let m and n be even, m 2 n. AK,,,, has a decomposition into paths of 
length k if and only if k divides Amn, m 3 [(k + 1)/21 and n > [k/21. 
Proof. (a) Suppose that k=2p+l. If either m>n or m=n=2or m=n>p+3 
then the assertion follows from Lemma 3.3. So, let m = n = p + 1 or m = n = p + 2. 
If 2p + 1 divides 2hs (s = L.C.M.(m, n)) then we are done by Remark 3.4. So, 
suppose that 2p + 1 does not divide 2As. This implies that m = n = p +2, 
G.C.D.(2p + 1, p +2) = 3 and, consequently, that p ~4 and 3 divides p +2. 
Clearly, in this case s = p + 2. 
Consider a bipartite multigraph G,(a), a B b +6, b 20, defined as follows. 
Vertex classes of G,(a) are U = {u,, . . . , u,-r} and V = {v,,, . . . , v,-r}. The edge 
set of G,(a) consists of the edges u,.-~v~, &vi, 0~ i <a- 1, ~vicl, O<i <a-2, 
UiVi-l, b+2< i <a-2, &vi-2, b +2< i ~a -2, moreover we assume that the 
multiplicities of the edges uivi, ~vi+r, 0 < i < b - 1, are equal to 2, all other edges 
have multiplicities 1. Clearly G,(a) has 4a -6 edges. Let us define a path P, in 
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G,(a) as follows: 
P, = U&~U1U1.. . ub-l”b-lubub+2ub+lub+lub+2ub+3~b+3ub+4~b+4 
. . . ua-3”a-2%-1ua-1, 
if a-b=0 or 2 (mod3) and 
P, = U&OUlUl . . . ub-lUb-l~bUb+2~b+lUb+l’L)b+2~b+4’Ub+3Ub+3Ub+3~b+4 
ub+5”b+5ub+6ub+6 -. - ua-3”a-2%-1ua-1, 
if a-b=1 (mod3). 
P1 has 2u - 3 edges. Let P2 be the subgraph of Gb(a) spanned by the remaining 
2a-3 edges. It can be proved that P2 is also a path hence, G,(a) can be 
decomposed into two paths of length 2a - 3. 
Let us return to decompositions of AK,,,“. Since G.C.D.(2p + 1, p +2) = 3, 
2p + 1 divides 6A(p + 2). We shall show, that the subgraph H of AK,,,, spanned by 
the edges of c,,, c, and c2 can be decomposed into paths of length 2p + 1. To this 
end let us divide the initial part of the Eulerian circuit constructed in Lemma 3.3 
which uses only the edges of c,,, c1 and c2, i.e. is an Eulerian circuit of H, into 
segments containing 2p + 1 edges. Since 2p + 1 does not divide 2hs, exactly two of 
those segments are not paths, the first of them say S1, is contained in c,,lJ cl, 
(one third of it in c,,, the rest of it in CJ, the second one, say S2, is contained in 
clU c2 (two thirds of it in cl, the rest of it in CJ. Let T1 be the segment 
preceding S1 and let T2 be the segment following S2. Their existence follows from 
the inequality 2As > 2p + 1. It can be proved that both pairs of segments S1, T1 
and S2, T2 span in AK,,,, subgraph isomorphic to G,,-,,,(m). Since in = p + 23 
(p-4)/3+6, b y out earlier considerations both of them and consequently H 
are decomposable into paths of length 2p + 1. Since 3 divides m, after applying 
this reasoning to each triple of circuits c3i, ~3i+l, C3i+2, 0~ is r/6- 1, 
(r = G.C.D.(m, n)) we obtain a decomposition of AK,,,, into paths of length 
2p+l. 
(b) Suppose now that k = 2p. If m > n > p or if m = n 2 p + 3 then we are done 
by Lemma 3.3. If m > n = p then the following paths Pi, 0~ i G m/2- 1, form a 
decomposition of K,,,, : 
pi = x2iYOx2i+lY1x2i+2Y2 * . . X2i+n-lYn-lX2i+np 
The last cases that have to be considered are m = n = p + 1 and m = n = p + 2. In 
both of them one can show that 2p divides 2As and the existence of the 
decomposition follows by Remark 3.4. Cl 
Proposition 3.6. Let m and n be even, let kl, . . . , k, be positive integers such that 
k,+. * * + k, = Amn and let one of the following conditions hold: 
(1) m>n and ki<2n, for i=l,... ,,l, 
(2) m=n=2 and ki<4,fori=1 ,..., 1, 
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(3) m=n>2 and ki<2n-4, for i=l,..., 1. 
Then AK,,,, can be decomposed into 1 paths of lengths kI, . . . , k,. 
Now, let us pass on to the case when at least one of m and n is odd. Theorem 
3.7 lists some cases when there is a decomposition of AK,,,, into paths of length k 
and Theorem 3.8 states some nonexistence results. 
Theorem 3.7. Let m 2 n and let one of the following conditions hold: 
(1) m is euen, n is odd, k divides 2n, 
(2) m is odd, n is even, k divides n, 
(3) m is odd, n is even, k <2n, k divides m, 
(4) m = n or m = n + 1 and k divides m, 
(5) m and n are odd, m 2 (3n + 1)/2, k divides n. 
Then AK,, has a decomposition into paths of length k. 
Proof. In all of the cases it suffices to construct a suitable decomposition of Kmn. 
(1) It suffices to construct a decomposition of K,,,” into paths of length 2n. It is 
easy to see that the following paths Pi, 0 - r < ’ d m/2 - 1, form such a decomposition. 
pi = x2iYOx2i+lY1x2i+2Y2 . * . X2i+n-lYn-lX2i+n* 
(2) Here it suffices to present a decomposition of Kmn into paths of length n. 
Such a decomposition clearly exists if n = 2. So, suppose that n 24. Let C be the 
Eulerian circuit from Lemma 3.3 constructed for KmVl,” with vertex classes 
1x0, * * . , ~4 and {yo, . . . , y,-r}. We decompose this circuit into n/2 paths of 
length n - 2 and m - n/2 paths of length n, starting with the edge yoxo, as usual. 
Since vertices yi occur every 2n edges on C, vertices yin,, 0s is n’, where 
n’ = n/2- 1, are initial vertices of n/2 paths of length n - 2. Let us denote these 
paths Pf, respectively. It can easily be shown that all yin,% are pairwise distinct. 
Analogously, vertices yin’+“‘+*, 0 < i < n’, are pair-wise distinct, moreover 
yin,+n,+l# yi,, for every 0 G i. id n’. and yin,+“,+, is not a vertex of Pi for -0 G i S n’. 
Hence, if we extend each Pf by adding two edges yin*%-1 and k-ryin*+n,+r, we 
obtain paths Pi of length n which, together with constructed earlier m - n/2 paths 
of length n, yield a required decomposition of K,,,,. 
(3) In this case it suffices to show a decomposition of Kk,” into paths of length 
k, since K,,,” is the union of m/k edge disjoint copies of K,.,. If k < n then we are 
done by (1). So, let k > n. Suppose that the vertex classes of Kk,n are 
1x0, * * . , G-I), and {YO, . . . , y,-r}. Put k’ = (k - 1)/2. A decomposition is given by 
the following paths Pi and P[, 0 s i d n/2 - 1: 
and 
pi =~k-lYZi~OY2i+l~lY2i+2~2~ . . Xk’-lY2i+k’ 
P[ = Xk-1Y2i+lXk’Y2i+2~k’+1Y2i+3xk’+2 * * * X2k’-lY2i+k’. 
(4) We shall construct a decomposition into paths of length m. If m = n is even 
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then the assertion follows from Theorem 3.5. If m = n is odd, then the following 
paths Pi, 0 < i < n - 1, yield a decomposition: 
pi = YixiYi+lxi-lYi+Zxi-2 * . - Yi+n’Xi--n’, 
where n’ = (n - 1)/2. 
If m = n + 1 is odd then the assertion follows from (3). Otherwise the following 
paths Pf, 0 G i < n - 1, form a decomposition into paths of length m: 
pI = Xm-lYixiYi+lxi-lYi+Zxi-2 . . . Yi+n’%--n’, 
where n’ = (n - 1)/2, the arithmetic of the indices of x and y being done modulo 
n. 
(5) Km., is the union of edge disjoint copies of K,,, and Km-,,” and we can 
apply(4)and(l)ifm-n>nor(4)and(3)ifm-n<n. 0 
Theorem 3.8. Let A be odd, let m 2 n and let one of the following conditions hold: 
(1) m is euen, n and k are odd, k > An, 
(2) m and k are odd, n is eqzn, k > Am, 
(3) m and n are odd, k >An. 
Then AK,, does not have a decomposition into paths of length k. 
Proof. (1) Each path of odd length has one of its end vertices in X and the other 
one in Y. Since all vertices in X are odd, there must be at least m paths in every 
decomposition of AK,,,” into paths of length k. But this implies k <An. 
(2) and (3) can be proved in the same way. q 
We conclude this section with the following conjecture. Let m 2 n and k satisfy 
the ‘trivial’ necessary conditions for the existence of a decomposition of AKmn 
into paths of length k, i.e. k divides Amn and m Z= [(k + 1)/2], n 2 [k/21. Then if 
neither (1) nor (2) nor (3) from Theorem 3.8 holds, AK,,,n can be decomposed 
into paths of length k. 
4. Path-perfect graphs 
A graph is called path-perfect if for some n it has a decomposition into paths of 
length 1, . . . , It, such that for each 1 =Z i < n it contains exactly one path of length 
i. It was conjectured by Fink and Straight [3] that if m 3 n, mn = k(k + 1)/2 and 
n 3 [k/21 then K,,,, is path-perfect. They proved this to be true if m = 2n - 1 or 
2n + 1. Here we prove that the conjecture is true if m is even. 
Theorem 4.1. Let m, n and k be positive integers such that m is even, man, 
mn = k(k + 1)/2 and n 3 [k/21. Then Kmn is path-perfect. 
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Proof. By Theorems 3.5 and 3.7 K,,,” can be decomposed into paths of length 2n 
or, if m = n, into paths of length k in the case when k is odd or k + 1, if k is even, 
and the assertion follows from the theorem of Straight and Schillo [5] which states 
that if 2st=k(k+l) and tak then{l,..., k} can be partitioned into s disjoint 
subsets VI, . . . , U, such that CUcU, w = t, for every 1 G i d s. Cl 
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